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Andrich, Marais and Sappl (2023) adapted Rasch’s concept of a meta-metre (Wohlk Olsen, 2003; Rao,
1958), which governs the rate of growth in the physiological variable of weight of all individuals of a
population, to characterise growth on some intelligence and attainment tests. Within the meta-metre, a single,
linear rate of growth of each individual can be estimated. Given the estimate for each individual, comparisons
among the mean rates of growth of subpopulations, such as by demographic groups, can be conducted with
standard analysis of variance procedures. In such procedures, the variance among individuals absorbs the error
variance of the estimate of each individual. Andrich et al. (2023) did not provide estimates of the error variance
of the estimates of individual rates of growth. This paper is concerned with directions for estimating this
variance which, because of regression effects of both measurement error and growth, is affected by the
dependence between successive times of measurement.
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1. Introduction

The Danish mathematician and statistician Georg Rasch (Andersen & Wohlk Olsen, 2001;
Andrich, 2005) is well known for his measurement theory based on the principle of invariant
comparisons (Rasch, 1960, 1961). In contrast, he is hardly known for his studies in
physiological growth based on the same principle, both of which are consistent with
formulations of relationships amongst variables in the natural sciences. His approach identifies
a transformation of time, called the meta-metre, which characterises the growth for all members
of a population. Then within the meta-metre, individual rates of growth can vary, with each
individual’s rate of growth linear and therefore invariant across the meta-metre (Rasch, 1977).
Andrich, Marais and Sappl (2023) adapted Rasch’s approach to the measurement of growth on
variables of the social sciences, and in particular intelligence and attainment tests in reading
and mathematics. Although they provided estimates of the meta-metre and rate of growth of
individuals within the meta-metre, they did not provide an estimate of the error variance of an
individual’s estimate of the rate of growth. This paper is concerned with this topic.
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Before proceeding we note that the approach is novel, and had only been applied by Rasch
(Wohlk Olsen, 2003) and Rao (1958) to the growth in weight of young animals and human
babies respectively. We recognise the presence of current methods of studying growth in the
social sciences, for example structural equation modelling summarised by Wang & Nydick
(2020), but there is no space to compare and contrast these methods in this paper. An approach
to growth on social science variables that is analogous to that of the natural sciences has also
been advocated by, among others, Williamson (2018). However, those methods involve
modelling in the form of polynomial regression and are primarily descriptive and group based,
rather than explanatory and individual focussed.

1.1 Some distinctive features of the meta-metre approach to growth

Because the meta-metre approach is novel, we summarise some of its key features before
proceeding to the main purpose of the paper. First, both the function of the estimated meta-
metre and the rates of growth of individuals and subpopulations become of interest. For
example, Andrich et al. (2023) showed that the estimated meta-metres of two intelligence, two
reading and two mathematics tests, all had decelerating growth, indicating that the rate of
growth was inversely proportional to a function of time. This implies that it becomes more and
more difficult to grow on the quantitative scale, and sets up a quest for understanding this
phenomenon, broached in Andrich et al. (2023), but which is also beyond the scope of this
paper. Their analyses of other longitudinal achievement data showed the same characteristic.

Second, two insights from the decelerating meta-metre were highlighted. One was that the
rate of growth in the early years is relatively rapid compared to the later years and that this
confirms that this is the time in which to intervene for students at risk; the other, that a small
difference on the quantitative scale in the early years, which can imply a small difference on
the common grade scale used in schools, invariably implies a greater difference on the grade
scale in later years. Often it is implicitly assumed that growth on a quantitative scale is more
or less linear, and that it should also be linear on the grade scale (Andrich et al., 2023, Ch. 6).

Third, having, within a meta-metre, the rate of growth characterized by a single value has
both conceptual and statistical elegance. For example, it permits standard analysis of variance
(ANOVA) procedures to be used in the comparison of mean rates of growth among defined
subgroups of a population. Andrich et al. (2023) conducted such analyses comparing
performances based on gender and demographic groups. In ANOVA, the error variance of the
estimate of each individual is absorbed within the variance among individuals permitting it to
proceed without having an estimate of the individual error variance. Establishing an estimate
of the error variance of an individual’s rate of growth in a meta-metre is the subject of this

paper.

1.2 Adaptations of the meta-metre approach to variables of the social sciences

There are two issues that needed addressing in adapting Rasch’s concept of a meta-metre
of growth to social science variables. First, Rasch and Rao could assume a natural origin for
weight. However, in social science tests, the origin is arbitrary, and Andrich et al. (2023)
successfully adapted Rasch’s approach to account for this feature. Second, in Rasch’s
formulation of a stochastic process of growth, it was assumed that the successive differences
of measurements, which are used in the estimation and which are summarised below, were
independent. This independence is tenable in part under two general conditions: first, if,
relative to the range of measurements, the measurement error is negligible; second, if the rate
of change of individuals between time points shows very little variation. Both might be tenable
for the growth of babies or animals in their first year. In social science tests however, as
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illustrated below, neither the magnitude of the measurement error nor the potential variation in
the amount of growth between time points of an individual can be ignored across a relatively
large time scale. Both properties show features of general regression to a true value that cannot
be ignored in establishing an error variance for the rate of growth of an individual.

Although the methods of estimation of the individual rate of growth are analogous to those
of standard regression analyses, there are two main differences. First, because of repeated
measures, successive differences rather than observed measurements are used in the estimation;
second, in addition to the study of the rate of growth in means of a population, the focus is on
estimating the rate of growth of each individual. It is noted that the studies of this paper, though
derived directly from the equation for estimating an individual’s rate of growth, are in part
heuristic, taking advantage of modern computing facilities for conducting simulations. They
are not seen as the final word on the estimates of the errors of the rates of growth, or indeed on
the estimates of the rates of growth themselves for test data typically found in social science
instruments. They are intended to generate further studies on both topics.

The rest of this paper is structured as follows. Section 2 summarises the adaptation of
Rasch’s formalisation of a meta-metre of growth for social science variables, Section 3
provides variances of the estimates of an individual’s rate of growth, Section 4 shows the
results of two simulation studies and Section 5 suggests further research. In addition, two
Appendices are provided, one shows the derivation of the estimation equations; the second
presents a general discussion on the generic concept of regression to the true value in the
presence of random variation.

Although it is elaborated at the end of Appendix 2 because of context, it is anticipated here
that the general theme of the analyses presented in this paper is that of probabilistic regression
to the true value, a subtle and ubiquitous property of replications in the presence of random
variation. Although related to, it is not the same concept to the description of fitting a model
typically referred to as a regression analysis.

2. The meta-metre of growth and its estimate

Formally, let Y,,; be a measurement of an individual on some variable, such as on an
intelligence, reading or mathematics test, at time ¢,t = 1,2,...T with an arbitrary origin.
Although the origin may be arbitrary, it is assumed that the measurements are of the form
commonly known as interval level which follow, for example, if measurements are estimated
by a Rasch model of modern test theory (Andrich & Marais, 2019; Rasch, 1960). Then

Yot = Bne + &ne = ap + bnT(t) tént €t ~ N(O: O-tz) (1)

is the linear growth of individual n as a function of time t in the meta-metre 7(t), [,,; is the
true value of individual n at time ¢, &,; 1s measurement error assumed to be homogeneous
among individuals and times of measurement, and normally distributed. We return to this point
later in the paper.

An important feature of Eq. (1) is that it characterises dynamic consistency in which the
function of growth of an individual is the same as the function of growth of the population
(Keats, 1982). Thus, taking the mean of a population, and replacing the subscript over which
the mean is taken by “.”, gives

Y. =a +bz(t), 2)
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where b, arespectively characterise the mean rate of growth and initial status of the
population. Eq. (2) is used to estimate the meta-metre for the population.

2.1 The meta-metre for growth in weight and intelligence and attainment tests

In the examples of growth on some intelligence and attainment tests, Andrich et al. (2023)
were able to characterise growth in the meta-metre by

T(t) = In(6, + 1), 3)

where 6; is the value of the time variable at each occasion of measurement, t,t = 1,2,...T.

This function is identical to the one used by Rasch to characterise growth in weight. The
estimates of A were in the range —4 < A < 10 for the intelligence tests and —0.35 < 1 < 1.2
for the reading and mathematics tests. The kind of growth in these tests showed consistent
deceleration, thus making the logarithmic function an obvious one to consider for the meta-
metre. From graphical representations and the values of the regression correlations of the order
of R? > 0.95, together with other evidence, it was concluded that the meta-metre for each
population was estimated fully successfully.

The parameter A has two roles. First, it governs the rate of deceleration, with the greater
the value of A the smaller the deceleration; second, it sets a form of origin, permitting the first
time point to take some arbitrary, convenient value. For example, in growth in educational
attainment tests, the first time can be set as either a grade (e.g. 1 for Grade 1) or an age (e.g. 6
for children being on average six years old), whichever is deemed convenient.

2.2 An adaptation of Rasch’s method of estimation

Rasch’s method of estimation of the parameters in Eq. (2) is that of least squares, which
we follow. There are alternative approaches within this general method, but the one used for
this paper is shown in Appendix 1. It is somewhat more efficient than that applied in Andrich
et al. (2023). In summary, to estimate A for the population for the meta-metre of Eq. (3),
advantage is taken of dynamic consistency, and the means Y,,t = 1,2,3,...,T are used as the
relevant data. Then the estimation equations are

T [Gt=b[])(Or—1—6¢) -0

Al [T g6y 1 ®
2 _ BiaJeT

where y, =Y, —Y,_;,t =2,3,...,T and 7, = 7(t) — 7(t — 1) are successive differences of
the means and of the meta-metre respectively. The derivation of the equations, which must be
solved iteratively, are shown in Appendix 1.

Having confirmed the adequacy of the meta-metre with the estimate of A for the
population, the least squares estimate of the rate of growth b,, of individual n is given by Eq.
(6) (Andrich et al., 2023):

b, — LizzYniTt (6)

T
Yi=2 742
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The estimate of the intercept a,, for individual n, given A and b,,, can be obtained from
the standard regression equation

= Yn. - an(-)- (7)

Because this paper is concerned with estimates of b,, and their standard errors, the rest of
the paper does not refer to a,,.

3. The general form of the error variance of the rate of growth

From Eq. (6),
Vi, = v [Bee], (8)

Zt 2Tt

and because Y.I_, 72 is a constant given 7,

~ VIEI, vnetel
Vibnl = =57ps" ng? : 9)

3.1 Covariances of successive differences

Given the denominator of Eq. (9) is a constant, we first expand its numerator giving
VIXt=2 YneTe]
= iz [ynt o] + 2 X155 Xtm3 COV [y, Ty, Yne T ]
= Yi=2 TV [yn] + 2 515 ! { 3Tt TeCOV [Yne, Yne]
= ZZ:ZT Ufnt + ZZT ; T =3 Tt Ty fynt ) (10)

where O';nt = V[ynt]; f)%nt = COV[ynt: ynt’]'
In summary

Ao Nl Ti0gme A2 X1 Nhm3 Tt
V[b] =2t t(z'{:‘;.:?)zt SALLLLH t- (11)

The wvalues aﬁntsz,nt are within person variances and covariances of successive
differences. Clearly if the differences (y,,;, Ynt') Were statistically independent, then sz,nt = 0.

However, because of regression effects of measurement error and variable growth between
time points, both of which are assumed to be normally distributed in the population, the
covariance, ff,nt between two successive differences y,,;,t = 2,3,..., T, is most unlikely to be
zero. To avoid a break in the continuity of the derivations, a discussion on the principle of using
differences y,, for the estimation, and the reasons they lead to regression, are discussed in
more detail in Appendix 2.

In summary, regression appears because if a measurement on the first occasion is say
noticeably greater than its true value, then on a replication, the second measurement is more
likely to have a value less extreme than the first measurement and generally closer to the true
value than the first measurement. This is because in a normal distribution in particular, the
probability of a large discrepancy from the true value is smaller than the probability of a small
discrepancy (Andrich & Pedler, 2019).



6 EDUCATIONAL METHODS & PSYCHOMETRICS

3.2 The presence and evidence of a measurement error

For further exposition, we elaborate our terminology. From Eq. (1) S, is the unknown,
presumed true value of an individual on the variable being measured at time 6,. We refer to
this value as the measure of individual n. Then the observed value of the variable, Y,; of Eq.
(1) we refer to as a measurement. This measurement has an error, denoted &,,; with variance
V[Yne] = 02, which formalises Eq. (1) and for convenience is reproduced as Eq. (12):

Yne = ﬁnt t & =ap + bnT(t) + Ent- (12)

To be consistent with the measurement context considered below, for the remainder of the
exposition we replace Y,,; with the estimate f,;.

In the typical social science context, with an estimate S, its error variance o2, is
provided. For example, in the context of educational, psychological, or health outcomes
assessment, individuals respond to a test or questionnaire composed of a set of items assessing
different aspects of the same variable. These tests may be attainment assessments such as
mathematics, reading or intelligence tests, referred to above in Andrich et al. (2023), or tests
or questionnaires that might be used in health outcomes, for example in Christensen, Kreiner
and Mesbah (2013). If the responses are analysed according to models of modern test theory
(Van der Linden, 2016), and in particular Rasch measurement theory (Rasch, 1960, 1961;
Andrich & Marais, 2019), an estimate f3,; with a standard error of this estimate, o,,, are
provided. These are provided by the theory of maximum likelihood (ML) estimation typically
employed. Because of the large literature on estimation in the Rasch model, we do not elaborate
on this topic here. However, for completeness, Appendix 1 has a summary of the ML
estimation equations for the estimate of individual parameters and their standard errors in the
dichotomous Rasch model for measurement, which is used in the simulation studies in Section
4. It also confirms, from the simulation, the accuracy of these equations.

Thus, we take that each individual has a measurement S,; and an estimate of its error
variance o;2,, where this variance varies among individuals. Therefore, when the only error is
measurement error, we can write

V[ynt] = V[:ént - ﬁn(t—l)] = V[[?nt] + V[ﬁn(t—l)]

= og + 0-13(1:—1)
= 0Zynt- (13)

We distinguish the notation for V[y,;] when obtained directly within an individual over
times of measurement and when derived from measurement error alone: the former, introduced
in Eq. (11), 1s afnt ; the latter introduced above in Eq. (13) is further subscripted by e, afynt.

Eq. (13) shows that, in the context with which we are concerned, it provides an estimate
of'a component of the first term in the numerator of Eq. (11), that of the within individual error
variances, V[yn:] = 05y,,. However, there is no obvious estimate for an element of the second
term, E)Z,nt, that which involves the within individual covariances. We study further analysis of
this term, augmented with simulated data, and suggest a possible estimate of f;nt. Incidentally,
we note that for the variance V[y ] across individuals, we again need to concern ourselves
with the covariance COV [y, y¢].
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4. Simulation studies

This section provides the results of two simulation studies which illustrate the validity of
Eq. (11) in the presence of measurement error and some variable rates of growth across time
for each individual. Unlike in real data, in simulated data the measures f,,; are known, and we
use this knowledge in interpreting the results of the simulations.

4.1 Simulation 1: only source of variance is measurement error

The variance associated with the successive differences y,; can in principle come from
two sources: first, as indicated above, from the measurement error; second from different rates
of growth between times of measurement within an individual. To provide a frame of reference
for the study of V[Bn] in the realistic context where both forms of variance are present, the first
simulation has the measurement error as the only source of variance. Simulation 2 then has, in
addition to measurement error, variation within each individual’s rate of growth across times
of measurement.

4.1.1 Input parameters for Simulation 1

First, 2500 individuals with measures f3,,; were drawn from a normal distribution with a
specified mean and standard deviation, (8, 0p¢), at time t = 1. Second, each individual had
the same linear rate of growth in the same meta-metre between the successive time points,
giving measures at each successive time point. The parameters of the meta-metre and measures
are based on examples of real data (Andrich et al., 2023), with measurements taken on seven
occasions, beginning in Kindergarten and occurring at varying times with the final assessment
taken in Grade 12. In anticipation of the notation for Simulation 2, we note that the correlation
between successive measures is 1.0, and denote Simulation 1 by p;,—; = 1.0.

Table 1 shows the specified value of the meta-metre, A and distribution of individuals at
each time of measurement.

Table 1.
The meta-metre and specified distribution for the grades 6, at each time of measurement t.

N = 2500, 7(t) = In(t + 1), = 0.5, pe_y ¢ = 1.0,

Bt = @n + bp(t), by = 1.0,a, = —=1.0 Vn; B ~ N(Be, a[?t)

Occasion t 1 2 3 4 5 6 7
Grade 6, 0 2 3 6 8 9 12
Specified parameters
AR -1.690 -0.080 0.250 0.870 1.140 1.250 1.530
agt(s’ 0.160 0.160 0.160 0.160 0.160 0.160 0.160

Figure 1 shows the interpolated, decelerating growth in means of the measurements as a
function of the grade. In anticipation of the estimate of the meta-metre, Panel 2 of Figure 1
shows the linear rate of growth in the estimated meta-metre.
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Figure 1.

Interpolated growth in means of measures as a function of grade 0;,t = 1,2,...,7 (Panel 1), and as a function of the estimated meta-metre
#(t) = In(t + 1), 1 = 0.516 (Panel 2) for Simulation 1.

4.1.2 Observing estimates of measures and their standard errors

To study errors of measurement from typical social science contexts, each individual with
measure f5,,; was simulated to respond to a test composed of 60 items, scored correct or
incorrect, according to the dichotomous Rasch model (Rasch, 1960). In the design, it was
ensured that the range of item difficulties was wide enough that the measurements were not
contaminated by floor or ceiling effects. These responses were then analysed with the same
Rasch model giving individual estimates and their standard errors, (B, 0, ). These analyses
were conducted using the software RUMMZ2030Plus (Andrich, Sheridan & Luo, 2023). Again,
to avoid breaking continuity, the results of the summary statistics, which confirm the
consistency of the analyses with the specified parameters, and the accuracy of the estimates of
parameters, are also shown in Appendix 1.

The key feature of Simulation 1 is that, although the individuals have different initial
measures, because the rate of growth of all individuals is identical, from the perspective of the
rate of growth the individuals are replications of each other. We take advantage of this feature
in the study. To further confirm the validity of the results, a number of simulations with the
same principles as just described, but different parameters, were carried out. Because the results
were identical across these simulations, for illustrative purposes only that of one pair of
simulations is reported in this paper.

We stress that we are not attempting to obtain an empirical distribution of the error
estimates in the individual rate of growth by carrying out multiple simulation studies in this
paper, but to give analytic and illustrative direction to studying a specific feature in the
estimation of this error, namely the effect of regression between successive measurements. A
sample of 2500 was considered sufficiently large to provide stability in the estimates to
illustrate these effects.

4.1.3 Results of analyses of error variances and covariances of the differences Y

The variances and covariances, afntlsz,nt respectively, are the key statistics of Eq. (11) for

~

estimating the variance of an individual’s estimated rate of growth, V[b,,]. Table 2 shows these
from both the measures B, and their estimates f,,. For the measures, as expected, the
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variances and covariances are zero. However, in addition to positive variances, the covariances
of the successive differences in the estimates are noticeably negative. This is a direct result of
regression to the mean, mentioned above and discussed in some detail in Appendix 2.
Interestingly, the covariances of the estimates that are not successive are virtually zero and in
practice could be ignored. It is also evident from Table 2 that the mean of the ML estimates of
the individual error variances O'ezynt give a very accurate estimate of the actual variances,

Table 2.
Variances V[y,] = ajt and covariances COV [y, Y] = ffm of y,,, among individuals in measures below, and measurements above, the
diagonal, together with the mean of error variances &ezy.t, derived from Eq. (13).

Grade 9t Ptt-1 = 1.0 2 3 6 8 9 12

6_ezy.t 0.249 0.228 0.232 0.239 0.244 0.252

U;.t 0.246 0.226 0.231 0.247 0.240 0.251
2 0.000 2, -0.109 20.002 -0.005 0.004 0.000
3 0.000 0.000 -0.113 0.002 -0.001 -0.004
6 0.000 0.000 0.000 -0.122 0.002 0.006
8 0.000 0.000 0.000 0.000 -0.119 -0.005
9 0.000 0.000 0.000 0.000 0.000 -0.119
12 0.000 0.000 0.000 0.000 0.000 0.000

4.1.4 Estimate of A

Table 3 shows the population estimates of A and b_from both the simulated measures 8 of
the individuals and the estimated measurements 3. The estimates are shown correct to three
decimal places with the solution to Egs. (4) and (5) being correct to four decimal places. The

estimate A is close to the specified value, and the mean rate of growth l; of the individual

estimates is identical to the population estimate b with predictably, those from the measures
somewhat more accurate than from their estimates, which include random errors of
measurement. Figure 1, Panel 2, showed the linear growth in the means as a function of the
estimated population value of A in the meta-metre with R? = 1.000. Therefore, together with
the details shown in Appendix 1, the simulation was considered valid and sufficiently stable to
illustrate the study of the estimates of error variance of individuals’ rates of growth.

Table 3.
Estimates of A from the measures and estimates together with summary statistics for three estimates of V[b,,], where Pre-1 = 1.0.

Values A b b V[b] VIb]ognt Eome V[b]16&mt Eyne (SD)
Specified 0.500 1.000
Measures 8 0.502 1.002 1.002 0.000 0.000
Estimates [;’ 0.516 1.019 1.019 0.055 0.055 0.056 (0.005)

4.1.5 Analyses of error variances of estimates by,

~

Table 3 also shows three estimates of individual variance V[b,,].

(i) V[b], where the subscript (.) again replaces the index across which the variance is
taken, is simply the observed variance of the estimates b, n = 1,2,...,2500. It will be recalled
that because the rate of growth of individuals is identical making the 2500 cases replications
of each other, this variance among individuals, V[b ], is also an estimate of the variance within

~

each individual, V[b,]. Therefore, from the measures which have no measurement error,



10 EDUCATIONAL METHODS & PSYCHOMETRICS

V[b] = 0. However, because of measurement error, from the estimates, V[h] = 0.055. This
estimate is used as a criterion for the accuracy of the two other estimates.

(ii) V[b ]|aynt Eynt is obtained by inserting into Eq. (11) the observed variances and
covariances, ay_t, Ey_t of y,; among individuals. As a result, it is the same value for all

individuals, justified because the individuals are replications of each other. This estimate
depends only on the observed differences Ynt- Although calculated differently,

[b]|aynt Eynt = V[b] = 0.055, indicating that V[ ]Iaynt Eynt 1s a correct estimate of
V[b] = 0.055
(i) V[bnlloZne E2ne, is the mean of the estimates of V[b,] derived using the error
variances within individual estimates. It was calculated as follows. The first term of the
numerator of Eq. (11), ¥:1_, t? aynt, was calculated from the error variances available for each
individual from Eq. (13), giving Y.{_, T£02,n,. This value was not identical across individuals.
The second term of the numerator of Eq. (11), 21> YT _. 1.1, Eynt, was obtained from the
covariance among individuals. Again, because 1nd1v1duals are replications of each other, the
covariance among individuals is an estimate of the covariance within individuals. This value,
therefore, was identical across individuals.
The observed variance, V [b ]|aeynt Eynt = 0.056, differs by only 0.001 from the other
two estimates. The closeness of these two values further confirms, first the accuracy of the ML
within individual error variances V[f,], and second, the need to use covariances szmt in
estimating the error variance of the latter, using either V[b ]|0ynt Eynt or V[b ]|aeynt fynt
Before proceeding to Simulation 2, we consider a second calculation to establish the
accuracy of the estimate V[b ]|aynt Eynt for Simulation 1. This is to take the estimated mean

rate of growth (b_ = 1.019) and apply 95% confidence intervals using the standard error,

\/ [b]|o? eynt, fynt 0.237. The number of individuals who are outside these limits is 107, that

is 4.3% which is the correct order of magnitude for the 5% confidence limits.

4.2 Simulation 2: source of variance includes measurement error and differences in growth
between times of measurement

In Simulation 1, the rate of growth of all individuals is the same. However, in real data
there will be variation in the rates of growth, not only among individuals, but some variation
among times within an individual.

4.2.1 Input parameters for Simulation 2

Simulation 2 included such variation by specifying p, ,_; = 0.70 to be the true correlation
of measures between successive times of measurement among individuals. Again, this value
for the true correlation is of the order of magnitude found in real data analysed by the authors.
Otherwise, Simulation 2 has identical parameter specifications to Simulation 1 including
responses to 60 dichotomous items according to the dichotomous Rasch model. Details of the
specifications and results of analyses of Simulation 2 are provided in Appendix 1. The results
of the analyses are consistent with the specifications.

Although the individuals are not replications of each other in the sense that they have
identical rates of growth, there is another relevant sense in which there is a relationship between
the among and within individual variation in growth. Thus, a true correlation between times of
measurement among individuals of 0.7 implies a high measurement on one occasion will tend
to be a high measurement on another occasion within an individual, but with individual
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variation. And in particular, it is likely to show regression. Therefore, overall variances and
covariances among individuals may be a useful indicator of the corresponding values within
individuals. This is essentially the substance of the study of Simulation 2 and we comment on
the use of among individual variances and covariances to estimate the same statistics for within
individuals in a later section of the paper where this equivalence is applied.

4.2.2 Results of analyses of error variances and covariances of the differences Yn;

~

The variances and covariances used in estimating V[b,,] are shown in Table 4. As in
Simulation 1, the covariances among individuals of successive differences, ff.t, are negative
while the others are virtually zero. However, unlike in Table 2 where the covariances among
differences in measures are 0.0, the covariances of successive measures in Table 4 all have a
slight negative value. This shows that with differences in known measures with no
measurement error, there is also an element of regression between two successive times of
measurement. This kind of regression is also discussed in Appendix 2. The covariances of non-
successive measures are very close to 0.0.

A second difference between Tables 2 and 4 is in the comparison of the mean of 6ezy.t,

derived from individual error variances in Eq. (13), and that of the observed variance, ajt. In

Table 4 the latter is greater having, in addition to measurement error, variation among
individuals in the amount of growth among times of measurement.

Table 4.
Variances V[y,] = af_t and covariances COV [y, Y] = ff_t of y,. among individuals in measures below, and measurements above, the
diagonal, together with the mean of error variances 6623,1, derived from Eq. (13).

Grade 6;  ppeq = 0.7 2 3 6 8 9 12

Géy 0.235 0.226 0.231 0.248 0.257 0.253

o2, 0.340 0.330 0.336 0.338 0.328 0.347
2 0.094 COV[Yner Vne'] -0.160 0.010 -0.006 -0.010 0.005
3 0.097 -0.048 -0.171 0.005 0.013 -0.009
6 0.099 -0.002 -0.048 -0.171 0.000 0.001
8 0.099 0.000 0.001 -0.050 -0.168 0.000
9 0.096 0.002 0.000 -0.001 -0.049 -0.165
12 0.098 -0.002 0.000 0.004 -0.001 -0.049

In comparison to the covariances in Simulation 1, the magnitude of the negative
covariances of the successive measurements are greater, around -0.17 compared to -0.10 shown
in Table 2. This is again because of a combination of regression due to measurement errors and
regression due to differences in measures across times of measurement.

4.2.3 Estimate of A

Table 5 shows the estimates of the population parameters, A and b_from both the measures
and the measurements. As in Simulation 1, these are close to each other and to their specified
values. Figure 2, Panel 2, shows the linear growth in means as a function of the estimated
population value of 4, confirming that the estimated meta-metre summarises observed growth
in means excellently.



12 EDUCATIONAL METHODS & PSYCHOMETRICS

Table 5.
Estimates of A from the measures and estimates together with summary statistics for three estimates of V[l;n], where py;—y = 0.7.

2 B 5 V[B] V[B.]lo_;nt,fgzmt V[Bn] |Jezynt,€321nt (SD)
Specified 0.500 1.000
Measures f3 0.496 0.999 0.999 0.020 0.020
Estimates [;’ 0.508 1.014 1.014 0.076 0.076 0.047 (0.005)
Panel 1 Panel 2
2.0 - 2.0 q
Mean
1.0 A 1.0 A
2:
0.0 0.0 1 R2 = 1.000
-1.0 A -1.0 A
o, z(?)
'2.0 T T T T T T T T T T T T 1 —2.0 T T T T T T T T T T T T T T T 1
01 23456 78 9101112 -1.0 0.0 1.0 2.0 3.0

Figure 2.
Interpolated growth in means of measures as a function of grade 0,,t = 1,2,...,7 (Panel 1), and as a function of the estimated meta-metre
#(t) = In(t + 1), 1 = 0.508 (Panel 2) for Simulation 2.

4.2.4 Applying among individual covariances to estimate within individual V [b,,]

In anticipation of further developments in the paper, and as noted above and in Simulation
1, we use the covariances among individuals for the relevant term in Eq. (11) to obtain an
estimate of the variance within each individual V [b,,]. We note that the use of among individual
variances to estimate a within individual variance has a common precedent. For example, in
the standard regression context of say the measurements of a sample of individuals on two
variables (Y, X), Y dependent on X, which might be the measurement of the same individuals
on two occasions, the regression equation is typically written as Y,, = a + bX,, + e,, where
(a, b) are parameters that pertain to the population, (Y, X, ) are measurements of an individual
n, and e,, is the residual from the predicted equation with variance 62 assumed homogenous
among individuals. Then, on standard assumptions, including that the relationship is adequately
linear, for a given value of X, V[Yy|Xx] = F(02) where 6 is the residual variance calculated
among individuals (Draper & Smith, 1966). Thus, the estimated variance of the dependent
variable Y, for hypothetical replications for an individual with a specific value of X, is a
function of a variance among individuals with different values on the variable X. We stress,
however, that our application of the same principle, does not imply it is the final word on the

~

error variance V[b,].

4.2.5 Analyses of error variances of estimates by,

Table 5 also shows the summary statistics for the individual estimates, b,,. The estimate

I; = 0.999 from the measures [ is excellent, but unlike in Table 3 where the growth was
uniform, there is a non-zero variance in these estimates, V[b] = 0.020. Importantly,
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V[b] |0§nt§32mt, the mean of the estimates of the error variances among individuals, is equal to
three decimal places to V[b] = 0.020.

The mean b = 1.014 from the estimates 3 is also excellent. As expected, the variance
V[b] = 0.076 from the estimates is greater than the corresponding variance, V[b] = 0.055
from Table 3, where the only error involved was measurement error. This greater value in
Simulation 2 arises because the individuals do not have a uniform rate of growth and V[ ]
contains both the variance among the individuals and the errors of measurement within
individuals.

Table 5 also shows the summary statistics estimates V[b ] |0§nt§§nt calculated in the same
way as for Simulation 1 and as for known measures. Particularly noticeable is that
V[b] |0§nt§32mt = V[b] = 0.076, showing that the mean of the observed variances of estimates
b,, among individuals is the same as that calculated from Eq. (11). Because the variances and
covariances are the same for all individuals, all individuals have the same error variance.

Finally, Table 5 also shows V[b,] |Ue2ynt,532mt, which involves the error variances of
individual estimates inserted appropriately into Eq. (11). As a consequence, and unlike
Vb 11020, E2n;, this value varies among individuals. However, the mean V[by,]|02n.,é2n =
0.047, is noticeably smaller than V[b ] = 0.076. This results from it not including any variance
in the rate of growth within individuals over times of measurement while including the negative
covariances. Its value as an estimate of the error variance within an individual appears too
small. Its calculation has been used to help understand the components of variance and effects
of regression in estimating the variance of the estimate of the rate of growth of an individual.

Subject to further research, however, we suggest, that the estimate V[b,]|02,n.,é2,, may
be seen as a lower bound for the actual variance of the estimate in the rate of growth.

To illustrate the application of the lower bound V[b,] |O-ezynt,€32/nt from Table 5, the
estimates and confidence intervals of two individuals are shown in Table 6, and graphically in
Figure 3. The individual in Panel 1 has an average rate of growth (1.103) and a relatively low
error variance (0.045), while the individual in Panel 2 has a larger rate of growth (1.511) and a
larger error variance (0.068). Figure 3 shows the observed means, the estimated regression line
for the observed means, and the regression lines for the 95% confidence intervals. The observed
means are well within the confidence range. The constants of the regression lines have been
adjusted to ensure that they begin at the observed measurement at Time 1.

Table 6.
Confidence interval (0.95) for the rate of growth for two individuals, where p,._, = 0.7.

Individual n b, V[b,]® 57(12) L3 U@
2277 1.103 0.045 0.211 0.690 1.517
912 1.511 0.068 0.260 1.002 2.021

(1):V[bull6Zme Eine (2):65 = |VIby]; 3):L = b — 1.966,; (4):U = b + 1.966,
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4.0 - Panel 1: 2277 40 - Panel 2: 912
Mean Mean
2.0 A 2.0 -
0.0 ~ 0.0 1
2.0 1 -2.0 A
LG )
-4.0 T T -4.0 T

-1.0 -0.5 0.0 0.5 1.0 1.5 20 25 3.0 -1.0 -05 0.0 05 1.0 1.5 2.0 2.5 3.0

Figure 3.
95% confidence interval of the rate of growth for Y;,; = —0.635 + 1.1037(¢t) + ¢, (Panel 1) and ¥,,; = —2.165 + 1.5117(¢t) + &, (Panel 2).

5. Conclusion and further research

This paper concerns estimating the error for an estimate in the rate of growth of an
individual in a meta-metre of growth which is a linear transformation of time that governs the
rate of growth of all individuals. In addition, the variables on which growth is measured are
social science variables such as those derived from intelligence and attainment tests. Because
the use of a meta-metre is novel, even though Rasch introduced it in the 1950s, the concept and
a particular meta-metre is briefly reviewed.

Although analogous to standard regression analysis, there are two relevant differences.
First, because of repeated measures over times of measurement, account must be taken of the
correlation between measurements. This is done in a standard way by using as a key statistic
in the estimation, the successive differences between the measurements. Second, the magnitude
of individual errors of measurement are not sufficiently small that they can be ignored.
However, with modern test theory analysis of responses to tests, errors of measurement are
provided, and as shown in this paper, these can be exploited.

Both the repeated measurements of individuals and their errors of measurement on each
occasion lead to regression, a concept and property often ignored. It can be ignored when
focussing on group statistics such as growth in means, but play a role when focussing on
individuals. From a repeated measures perspective, independent of measurement error, if a
person has a somewhat larger growth than expected in one interval of time, then that individual
is likely to have a lower growth in the next interval. From an error of measurement perspective,
which is assumed and indeed required to be at least unimodal but typically also normal, if a
measurement on one occasion has, for example, a large positive measurement error, then it is
likely to not be as large on the next measurement. Both contribute to negative covariances of
differences of successive measurements. A discussion of regression in such contexts is
provided in Appendix 2.

With two simulation studies based on the analytic derivations of the estimate of growth of
an individual and an estimate of its variance, both kinds of regression are shown to be present
and relevant. Although the paper does not have a final recommendation for a unique estimate
of the error variance for an individual’s rate of growth, in the presence of an available
measurement error for each measurement of each individual, it does suggest a lower bound. It
also suggests further analytic work, possibly augmented as in this paper with simulation
studies. However, these further studies must take account of the regression effects described



ANDRICH & SAPPL 15

above. The purpose of this paper was not to be definitive, but to give some orientation to this
further research.
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Appendix

Appendix 1. Estimates of parameters in the meta-metre and the dichotomous Rasch model for
measurement

Al.1 Estimates of parameters in the meta-metre

In deriving an equation for the least squares estimate of A using Rasch’s approach, it is
necessary to distinguish between the value of the variable at the time of measurement, and the
continuous variable t of time. Thus let 8; be the time of measurement with t the index variable.
Then in Eq. (1), Y, = a,, + b, t(t), 6, has the value of the time of measurement at time t. For
example, if measurements were taken every two years for seven years, and the time of the first
measurement was assigned the value t = 0, then the values at the times of measurement are
6, =0,2,4,6,810,12, where t = 1,2,3,4,5,6,7.

Then Eq. (1) is elaborated to

Yoe = ap + byt(6,). (AL.1)
From dynamic consistency and taking the means across the individuals,
Y, =a + bt(6,). (A1.2)

The parameter A is a population parameter; therefore, we approach its estimate using the
means, Y, of the population calculated at the successive time points t = 1,2, 3,...,T.

Least squares estimate of b_in the meta-metre as a function of A
We first derive a least squares estimate of b. From Eq. (A1.2) we have,

Ve=Yi—Yiq= Z:?.[T(Ht) — 7(6;-1)]
b [t¢]. (A1.3)

In the notation above, let
T = [t(6y) — t(621)], t =2,3,....,T. (Al1.4)

We note that a has been eliminated in Eq. (A1.3).
In our case, T(t) = In(t + 4), and in the above notation,

(t) = 1(6;) = In(6; + 1). (A1.5)
Substituting Eq. (A1.5) in Eq. (A1.3) gives, in full,
Ve = lZ.Tt

=b[n(0;+2A)—In(6,_1+V)],t=23,....,T. (A1.6)

Let 13 be an estimate of b. Then from Eq. (A1.6), y, = Brt is a predicted mean of y, and

§% = Z?:z(f’.t - }e’.t)z = Zgzz(y.t - B.Tt)z (A1~7)
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is the sum of squares of the residuals between the observed and predicted means. Then the

value of E that minimises S2 is given by

9s? _ O ¥t (e=bTe)® _
L 2 — 0. (A1.8)

On simplification, Eq. (A1.8) reduces to

B =M (A1.9)

T .2
Yit=2T¢

that is, in full,

Y 5[0+ D)~ In(6—1 +A)]
T YL@ D) In(@e 1+ D) (A1.10)

S

It is evident that the least squares estimate of b is a function of .
Least squares estimate of A in the meta-metre jointly with an estimate of b
To estimate A, consider again the sum of squares of the residuals of Eq. (A1.7). With 4
explicit,
§% = ZZ:z(f’.t - f’.t)z
= Xle2(e = b[In( 0, + D) = In( 0y + HD2. (AL11)

The value of A that minimises $2 is given by

052 _ a3 ,(7e—b[In(O+D)—-In(0_1+DD? _
ar A -

0. (A1.12)

On some simplification, Eq. (A1.12) reduces to

2 V+—b - 2 -
as” 2?:2 [{J’.t b[In(0t+A)—in(6—1+)[}(6t—1 Qt)] =0, (A1.13)

ar (Or—1+2)(0:+2)

that is, more simply,

08? _ 1 [Ge=blte)(Or-1-60)] _
or t=2[ (0c4+2)(Ot—1+7) ]_O' (AL

Iterative steps in the estimates of A

Step 1: To obtain the least squares estimate of A for the population, first an initial value
A1) which might even be A(®) = 0 depending on the value of 8;, is chosen and inserted in Eq.
(A1.10) to provide an estimate E.(O)

Step 2: Both A®and B(O)are inserted in Eq. (A1.13), and if the value S? of Eq. (A1.13) is
different from 0 to any degree of accuracy required, a new value AP is chosen. Step 1 is
repeated to give a value 13_(1) that makes the value of Eq. (A1.13) closer to 0 than from the
initial value. The iterative process is continued until values (1@, B(Q)) give a value of Eq.
(A1.13) that is equal to 0 to any degree of accuracy, for example, three or four decimal places.
This process gives the estimate of the value of A and b for the population.
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The estimate of an individual’s rate of growth
Given the estimate of A in the logarithmic meta-metre, the least squares estimate of an
individual’s rate of growth b,, is in the form of Eq. (A1.9), that is

~ T
b, = ZizzYniTt (A1.15)

T .2
Yit=2T¢

where y,,; = Y, — Y,:—1 are the differences of successive measurements of individual n.
Al.2 Maximum likelihood (ML) estimates of individual parameters and their standard errors

in the dichotomous Rasch model

The dichotomous Rasch model takes the form

Pri = P{xn; = 1; 5y, 8} = (exp(Bn — 6:))/(1 + exp(Brn — 6:))  (AL16)

where P,; is the probability of the correct response x,,; = 1, where x,,; € {0,1} is a correct
or incorrect response respectively, of individual n to item i. Then, given the item parameter
estimates, the ML solution equation for the estimate S, is given by

™h = Zg:lxni = 2%:1 Xni Pni, (A1.17)

where 7;, is the total score of individual n on I items. The asymptotic ML variance of the
estimates 3, for each individual at each time of measurement is given by

VIBal = 1/Pns(1 = Pry). (AL18)
In the software employed in the analysis of data in this paper, RUMMZ2030Plus (Andrich,
Sheridan & Luo, 2023), the item parameters are first estimated by conditioning out the

individual parameters f3,, by the approach described in Andrich and Luo (2003).

Al.3 Summary statistics of Simulations 1 and 2

Simulation 1
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Table Al.1.
The parameter of the meta-meta 7(t), summary statistics of the specified distribution, the simulated measures, and estimated measurements
and recovery of the known true variance for the grades 0, at each time of measurement ¢ for Simulation 1.

N = 2500, 7(t) = In(t + 1),A = 0.5, p_y . = 1.0,

Bre = an + byt(8). by = 1.0,a, = —=1.0V; B, ~ N(By, 0,) .
Occasion ¢ 1 2 3 4 5 6 7 1
Grade 6, 0 2 3 6 8 9 12 2
Specified parameters
3, -1.690 -0.080 0.250 0.870 1.140 1.250 1.530 3
a3, 0.160 0.160 0.160 0.160 0.160 0.160 0.160 4

Simulated Measures

B¢ -1.697 -0.087 0.243 0.863 1.133 1.243 1.523 5

O'l?t 0.155 0.155 0.155 0.155 0.155 0.155 0.155 6

Estimated Measurements

7. =f, -1.702 -0.086 0.238 0.877 1139 1.243 1.532 7

of = o3 0.296 0.262 0.271 0.282 0.286 0.274 0.295 8

Estimate of true variance from the error variance: E. StO'BZt= ol%t - 632 .

o, 0.135 0.114 0.114 0.118 0.121 0.123 0.129 9
Estag, 0.161 0.148 0.157 0.164 0.165 0.151 0.166 10
Esta}, — o, 0.006 -0.007 0.003 0.009 0.010 -0.005 0.010 11

Rows 1 and 2 show grades at the time of measurement, (t,6;), Rows 3 and 4 are the

. . T = (S s e
summary statistics of the specified individual measures, (ﬁ_t( ), aﬁzt( )) of'a normal distribution
at each time, Rows 5 and 6 show the summary statistics of the observed simulated measures,

(Be aﬁt), which are expected to be slightly different from the specified statistics, and Rows 7
and 8 show the estimated measurements (8, agt) obtained from the Rasch model analysis of
the responses of the individuals to the 60 items of a test. The variances from the estimated
measurements, 05 are greater than from the known measures aﬁt which is a direct result of the

former having errors of measurement.
Although the error variance of individual estimates from Eq. (A1.2) are a function of the
estimate [3,,, the mean of these estimates can be taken as a guide to the overall error variance

in the estimates. These means are shown in Row 9 as 5[?8. Then an estimate of the true variance,

denoted E stagt, is the difference between the estimated variances Gf?t of Row 8, and the mean
error variance that is Estagt = aﬁzt - %Ze. These are shown in Row 10. The magnitude of the
greatest difference between the estimated and known true variance O'Z?t of Row 6,

E stagt — O'Et, shown in Row 11, 15 0.01. This difference indicates that the ML estimates from
the Rasch model are an excellent estimate of the error variance of each estimate.

Simulation 2

Table A1.2 shows the results of the analyses of the data in Simulation 2.
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Table A1.2.
The parameter of the meta-meta t(t), summary statistics of the specified distribution, the simulated measures, and estimated measurements
and recovery of the known true variance for the grades 8, at each time of measurement ¢ for Simulation 2.

N = 2500, 7(t) = In(t + A),A = 0.5, pr_q, = 0.7,

Bre = an + bpt(t), by = 1.0,a, = —1.0 ¥n; B ~ N(B,, Gﬁz't) Row
Occasion t 1 2 3 4 5 6 7 1
Grade 6; 0 2 3 6 8 9 12 2

Specified parameters

A -1.690  -0.080 0500  0.870  1.140 1350 1530 3
a5 0.160 0.160  0.160 0160  0.160  0.160  0.160 4

Simulated Measures

B -1.691 -0.076 0.257 0.878 1.138 1.246 1.530 5

agt 0.160 0.173 0.162 0.164 0.167 0.160 0.166 6

Estimated Measurements

7, =8, 1703 -0.084 0268 0889  1.147 1256 1.548 7

of; = UZ?: 0.309 0.293 0.278 0.288 0.278 0.278 0.295 8

Estimate of true variance from the error variance: E. sta§t= aift - 65 B

o4, 0.135 0.114  0.114 0119 0122 0124  0.130 9
Esto}, 0.174 0.178  0.163 0169  0.156  0.154  0.165 10
Esto, — of, 0.014 0.005  0.001  0.005  -0.011  -0.005  -0.001 11

Unlike in Table Al.1 in which the variance of the measures, a[)?t, is the same (0.155) for
all time points, in Table A1.2 this variance shows variation around 0.16. This variation is a
direct result of non-uniform growth among individuals. The remaining estimates are consistent
with the specifications, and with Table A1.1, including the estimate of the true variance E stal?t

from the mean of the individual error variances.

Appendix 2. The use of differences y,,, presence of regression and estimation equations in the
dichotomous Rasch model

A2.1 The application of successive differences in estimation

Here we consider some features of taking successive differences in estimation. First, the
effect of taking differences between measurements for purposes of estimation is analogous to
taking differences in the t-test for a difference between means for dependent samples, for
example, when the same individuals are measured on two occasions. The difference removes
the common value, which is the source of the correlation between the two measurements across
individuals. For example let Y, = fB,1 + &, be a measurement at Time 1 and
Yo = Bn1 + cp + €42 be a measurement at Time 2 where ¢, is the individual change from
Time 1 to Time 2. Then y, = Y, — Y1 = ¢, + €42 — €1 eliminates the common value f3,,.
Then the null hypothesis of no difference between means takes the simple form
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t=00-0/VIyl=y/JyVIyl/N. (A2.1)

If the two times of measurement (Y,,Y,) were employed directly, rather than the
differences y, which eliminate the dependence between the two times points, then the
denominator of Eq.(A2.1) takes the form

JVII] = J{V[Y1] + V[Y,] — 2COV[Y,, Y,]}/N.

A2.2 Regression effects

However, in the case of more than two times of measurement, and despite the source of
the correlation between successive measurements being removed, because of regression effects
of normally distributed measurement error, the covariance between two successive differences
Yoot = 2,3,..., T, is most unlikely to be zero. The regression effect arises because in the
normal distribution which is not only unimodal, but strictly log-concave making it smoothly
unimodal (Andrich & Pedler, 2019), the probability of a large error is less than the probability
of a small error, and if a large error is observed on one occasion, it is more likely that a smaller
error will appear on a second occasion, and vice versa. To be explicit, suppose a random error
on the first occasion gives a value 1.0 standard deviation above the true value. For a normal
error distribution, this implies that only about 16% of the distribution is above this value.
Therefore, with the same error distribution, there is about 84% chance that the error on the
second occasion is less than 1 standard deviation of the previous value. That is, in the presence
of random measurement error, there is regression to the true value. This effect is repeated for
each subsequent occasion. This form of regression was shown in Section 4 where the results
of two simulation studies are provided.

The concept of regression to the mean, or the true value, is not confined to normally
distributed measurement errors — it is present in any unimodal distribution, including the
normal distribution where no measurement error is concerned. For example, Bock (1975, Ch.
7) reports an example where a comparison of the change in means between two times of
measurement between males and females is conducted by analysis of covariance, where the
covariate is the measurement on the first occasion. Although there is no difference in mean
change or gain measurements between men and women, an analysis of covariance shows a
significant greater gain for men. This is because the analysis of covariance answers the question
“Is a man expected to show a greater weight gain than a woman, given that they are initially of
the same weight?”. For this example, the reason given for a greater gain for a man is that if
“...initially of the same weight as the woman, he is either underweight and will be expected to
gain, or the woman is overweight and will be expected to lose” (Bock, 1975, p. 491). This is
an example of regression over time which is not concerned with measurement errors.

For the simulation examples in the paper, the regression effect arises similarly.
Specifically, if an individual has a somewhat smaller than expected amount of growth between
the first two times of measurement, then that individual is likely, though not certainly, to have
a greater growth between the next two times of measurement. On the other hand, if the amount
of growth is somewhat greater than expected between two times of measurement, then the
individual is likely to have a smaller growth between the next two times of measurement.



